Problema J135. Find all n for which the number of diagonals of a convex
n-gon is a perfect square.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ercole Suppa, Teramo, Italy

The number of diagonals of a convex n-gon is given by
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S0 it is enough to solve the following diophantine equation
n? — 3n = 2m?, n,m € N (1)
From (1) follows that
n? —3n=2m? (mod 3) = n=0,m=0 (mod 3)
Thus, setting n = 3a and m = 3y (a,y € N), the equation (1) is equivalent to
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where we have put z = 2a — 1.

The equation (2) is a Pell’s equation 22 — Dy? = 1 with fundamental solution

x1 =3, y1 = 1, so all positive solutions are of the form xy, yi, where

T+ yrV8 = (ffl + y1\/5>k

The solutions g, yx can be computed from the formulas
) k k
Tk =3 [(ﬂm +y1\/5) + (an - y1\/5) ]
k k
n =505 |(+0vD) + (1= VD) |

or from the recursive formulas

Th+1 = 12Tk + Dy1yx Tp41 = 3Tk + Yk 3)
Yk+1 = T1Yk + TKY1 Yk+1 = Yk + Tk
From (3), by a simple calculation, we get
Tt = 6+ T — Tg ; r1 =3, =17 (4)



Since n = 3a = 2(z 4 1) the recurrence (4) yields

3 3 3

’nk+2 =06ngr1 —ni +6 s ny =06,ny = 27‘ (5)

By means of MATHEMATICA we have listed the first 10 solutions given by (5):
6, 27,150,867, 5046, 29403, 171366, 998787, 5821350, 33929307

The proof is finished. U



