Problema J164. If x and y are positive real numbers such that (m +Vax? + 1) (y + Y2+ 1) =
2011, find the minimum possible value of x + y.

Proposed by Neculai Stanciu, ”George Emil Palade”, Buzau, Romania

Solution by Ercole Suppa, Teramo, Italy

Suppose, more generally, that x and y are positive real numbers such that

(x-i— x2+1) (y+ \/y2+1> —a
where a > 1. Thus, we have

x+ x2+1:a(W—y)
z4ay=ay/1+y?— 1+ a2

2a+/(1 4+ 22)(1 + y2) = 1 + a* — 2azy

4a® (2® +y?) +4a (1 + a*) 2y = (a2—1)2

4a® (2% +y* + 22y) + 4a (1 + a® = 2a) wy = (> — 1)
140* (x +y)? +4a(a — 1)  ay = (> — 1)

O

Now, since zy < % (by AM-GM inequality), we get

4a2(x+y)2+a(a—1)2(x+y)22(a2—1)2 =
(I+y)2>w =
~ ala+1)?

a—1
T+y>

Va

If @ = 2011 we obtain that the minimum possible value of x + ¥y is \3%, which

is assumed if z =y = \}%. O




