
Problema O124. Let S(n) be the number of pairs of positive integers (x, y)
such that xy = n and gcd(x, y) = 1. Prove that∑

d|n

S(d) = τ
(
n2
)

where τ(s) is the number of divisors of s
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For notational convenience denote, for every n ∈ N:

Ω(n) =
{

(x, y) ∈ N2 | xy = n, gcd(x, y) = 1
}

, f(n) =
∑
d|n

S(d)

in such a way that S(n) = |Ω(n)|.

Claim 1: If p is a prime number and α ∈ N then S(pα) = 2.

Proof. From Ω (pα) = {(pα, 1) , (1, pα)} follows S(pα) = |Ω(pα)| = 2. �

Claim 2: If p is a prime number and α,m are relatively prime positive integers,
then S(pα ·m) = 2 · S(m).

Proof. Let us denote

A = {(pαx, y) | (x, y) ∈ Ω(n)} , B = {(x, pαy) | (x, y) ∈ Ω(n)}

Clearly |A| = |B| = |Ω(m)|, A ∩B = ∅ and A ∪B = Ω (pα ·m), so by sum rule

S (pα ·m) = |Ω (pα ·m)| = |A|+ |B| = 2 · |Ω(m)| = 2 · S(m) �

Claim 3: If p is a prime number and α,m are positive integers with gcd(p,m) =
1, then f(pα ·m) = (2α+ 1)f(m).

Proof. If {d1, d2, . . . , dk} are the divisors of m, by using the Claim 2, we have:

f(pα ·m) =
∑

d|pα·m

S(d) =
k∑
i=1

S(di) +
k∑
i=1

S(p · di) + · · ·+
k∑
i=1

S(pα · di) =

= f(m) + 2 · f(m) + · · ·+ 2 · f(m) =

1 + 2 + · · ·+ 2︸ ︷︷ ︸
α times

 f(m) =

= (2α+ 1)f(m) �

Consider now any positive integer n and suppose that its prime factorization is

n = pα1
1 pα2

2 · · · p
αk
k

1



Then the Claim 3 yields∑
d|n

S(d) = f(n) = f (pα1
1 pα2

2 · p
αk
k ) =

= (2α1 + 1) f (pα2
2 pα3

3 · · · p
αk
k ) =

...
= (2α1 + 1) (2α2 + 1) · · · (2αk + 1)

On the other hand, since n2 = p2α1
1 p2α2

2 · · · p2αk
k , the number of divisors of n2 is

τ(n2) = (2α1 + 1) (2α2 + 1) · · · (2αk + 1)

establishing the desired result. �
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