Problema 0124. Let S(n) be the number of pairs of positive integers (z,y)
such that xy = n and ged(z,y) = 1. Prove that

ZS(d) =7 (nz)

d|n
where 7(s) is the number of divisors of s

Proposed by Dorin andrica, Babes-Bolyai University and Mihai Piticar,
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Solution by Ercole Suppa, Teramo, Italy

For notational convenience denote, for every n € N:

Q(n) = {(z,y) EN? | zy =n, ged(z,y) =1} , f(n) = Zs(d)
dl

in such a way that S(n) = |Q(n)|.
Claim 1: If p is a prime number and a € N then S(p®) = 2.
Proof. From Q (p*) = {(p*,1),(1,p*)} follows S(p*) = |Q(p™)| = 2. |

Claim 2: If p is a prime number and «, m are relatively prime positive integers,

then S(p®-m) =2-S(m).
Proof. Let us denote
A={0"2y) | (z,y) €Qn)} . B={(zp")|(2,y) € Qn)}
Clearly |A| = |B| =|Q2(m)|, ANB =0 and AU B = Q(p* - m), so by sum rule
S@*-m) =[Q(*-m)| = [Al+|B] =2 [Q(m)| = 2- 5(m) u

Claim 3: If p is a prime number and «, m are positive integers with ged(p, m) =

1, then f(p®-m) = (2a+1)f(m).

Proof. It {dy,ds,...,dy} are the divisors of m, by using the Claim 2, we have:
k k k

F*-m)= > S(d)=>_S(di)+Y_ Sp-di)+--+Y_ Sp*-d) =

d|p0‘~m 1=1 =1 =1

=f(m)+2-f(m)+---+2-f(m)= 1+2+;,“+2 f(m) =

= (2a+1)f(m) [ |
Consider now any positive integer n and suppose that its prime factorization is

— X1 (2 (o7
n=pyipyt Py



Then the Claim 3 yields

> S(d) = f(n) = f (pi'p52 - pi*) =

d|n
= (200 +1) f (p5°p5° -+ P*) =
=2a1+1)(2a2+1) - 2ar+ 1)
On the other hand, since n? = p>* ps®2 .. opia’“, the number of divisors of n2 is
7(n?) = (201 + 1) (2a2 + 1) -+ (2ay, + 1)
establishing the desired result. (I



