Problema U143. For a positive integer n > 1, determine

sin?(z) sin? (nx)

20 n2sin?(z) — sin?(nx)
Proposed by N. Javier Buitrago A., Universidad Nacional de Colombia

Solution by Ercole Suppa, Teramo, Italy

First of all, let us rewrite the function in the following simpler form by using

the well known identity sin® z = H% :

sin(z)sin’(nz) 1 — cosa — cos(nz) + cos x cos(nz)

n2sin?(z) — sin’(nx) 2n? — 2n? cosx — 2 + 2 cos(nx)
Now, a repeated application of L’Hospital’s Rule gives the result

I 1 — cosx — cos(nx) + cos z cos(nx)
im =
-0 2n2 —2n2cosx — 2 + 2 cos(nx)

sinx + nsin(nz) — cos(nz) sinz — n cos x sin(nz)

= lim - : =
0 2n? sinx — 2n sin(nx)
i SO5% + n? cos(nx) — cos x cos(nx) — n? cos x cos(nx) + 2n sin x sin(nx) _
=0 2n? cosx — 2n? cos(nx)
i sinz + (1 + 3n?) cos(nz) sina — n®sin(nx) + (3n + n?) cos z sin(nzx) _
T—0 —2n? sin z + 2n3 sin(nz)
_ g 5082 + (14 6n* + n*) cos z cos(nx) — n* cos(nz) — 4 (n + n?) sinz sin(nz) _
z—0 —2n2 cos x + 2n? cos(nz)
6n> 3




